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1

Overview

Since the 1950’s, studying how local properties of a manifold, like curvature, affect global properties has
drawn a lot of attention in Riemannian Geometry. Assuming that a manifold satisfies certain curvature
bounds has consequences on topological invariants, as well as on analytic properties like the eigenvalues of
the Laplacian or the solutions to the heat equation. For example, the Gauss-Bonnet formula on a closed
surface S gives the expression for the Euler characteristic
ˆ
2πχ(S) =
σdv,
S

where σ is the sectional curvatue of S. Note that χ(S) is a topological invariant, a global property, while
σ is a smooth function on S, a local property. Having a uniform lower bound for σ gives us a constraint
on the possible values of χ(S). There is an extensive literature of results that focus on manifolds with
a uniform lower bound on the Ricci curvature (an average of sectional curvatures in higher dimensions).
However, many topological invariants can be expressed using Lp norms of the curvature, as is the case of
the Euler characteristic above. This suggests that an integral bound on the curvature should be enough to
estimate these topological invariants. Integral bounds on the curvature are much weaker assumptions than
uniform pointwise bounds. They are also more suitable in the context of geometric flows like the Ricci flow.
This motivates the study of manifolds with integral curvature assumptions, which is the main focus of my
research.
In particular, I have worked on eigenvalue estimates for the Laplacian (see Theorem 1.1) and an estimate
for the Neumann heat kernel (see Theorem 1.2) on manifolds with small integral Ricci curvature.

1.1

Background

To be more precise, consider a Riemannian manifold (M n , g), i.e. a smooth n-dimensional manifold, that
has a smoothly varying inner product gx (·, ·) at the tangent space Tx M of every point x ∈ M . Let Ricx (·, ·)
be the Ricci curvature tensor at x (a local property, that you can think of as a smooth and symmetric
n × n matrix-valued function on M that depends on g). For K ∈ R, we say that a manifold satisfies
the pointwise lower bound Ric ≥ (n − 1)K if for any point x ∈ M and for any vector vx ∈ Tx M we
have that Ricx (vx , vx ) ≥ (n − 1)Kgx (vx , vx ). Since the Ricci curvature is symmetric, this is equivalent
to saying that the lowest eigenvalue, ρ(x), of Ricx is uniformly bounded below by (n − 1)K. Consider
ρK (x) := max{0, (n − 1)K − ρ(x)}. This function gives the Ricci curvature below (n − 1)K at every point.
Then, we can define
 p1

 p1

ˆ
1
p
p
k̄(p, K) =
ρ dv
=
ρK dv
,
vol(M ) M K
M
! p1
k̄(p, K, R) = sup R2
x∈M

BR (x)

ρpK dv

.

These quantities measure the total amount of Ricci curvature below (n − 1)K in an Lp sense. The first
expression is a definition for compact manifolds, while the second one is also valid in the non-compact case.
Notice that, in either case, k̄ = 0 if and only if Ric ≥ (n − 1)K.
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1.2

Eigenvalues of the Laplacian

A classical result from Lichnerowicz [Lic58] states that on a closed Riemannian manifold (M n , g) satisfying
Ric ≥ (n − 1)K for K ≥ 0, the first nonzero eigenvalue λ1 (M ) of the Laplace-Beltrami operator satisfies
λ1 (M ) ≥ nK. In the case Ric ≥ 0, one needs control on the diameter D to get a meaningful estimate. Li and
π2
Yau [LY80] proved that, in that case, λ1 (M ) ≥ 4D
2 . Zhong and Yang [ZY84] improved this result showing
that
π2
λ1 (M ) ≥ 2 .
D
This estimate is sharp, since the lower bound is realized by S 1 . In fact, rigidity was proven in [HW07]: if a
manifold with non-negative Ricci curvature realizes the lower bound, then it is isometric to S 1 with radius
D
π.
In a joint work with Shoo Seto, Guofang Wei and Qi S. Zhang, we proved an analogous result for manifolds
with small integral Ricci curvature. The result is sharp in the sense that it recovers the Zhong-Yang estimate
in the limit where Ric ≥ 0.
Theorem 1.1 ([RSWZ]). Let (M n , g) be a closed Riemannian manifold with diameter ≤ D and λ1 (M )
be the first nonzero eigenvalue of the Laplacian. For any α ∈ (0, 1), p > n2 , there exists (n, p, α, D) > 0
such that if k̄(p, 0) ≤ , then
π2
λ1 (M ) ≥ α 2 .
D
In general, the smallness of k̄(p, 0) is a necessary condition, as explained in [DWZ18], because assuming
only that k̄(p, 0) is bounded imposes almost no restriction on the manifold. In this particular case, we can
see that it is necessary with the example of the dumbbell of Calabi: consider a symmetric dumbbell D ⊆ R3 ,
formed by two equal spheres joined by a thin cylinder of radius  and length l, with joints smoothed out in
two equal neck regions. Assume without loss of generality that the area of D is less than 1. As explained
by Cheeger in [Che70], the first nonzero eigenvalue satisfies λ1 (D ) ≤ C2 for some constant C, thus there’s
no possible uniform lower bound on λ1 (D ), since we can consider sequences of dumbbells with  → 0.

Fig. 1. Dumbbell of Calabi. The neck regions (pink) have k̄(1, 0) ≈ 4π.
Although in this example k̄(p, 0) could be uniformly bounded, it can not be made small. The reason for
that lies in the Gauss-Bonnet formula: since the dumbbell is homeomorphic to the sphere, the integral of
the curvature over D must be 4π. However, the integral over the two spheres will be close to 8π, and over
the cylinder will be 0. Hence, over the two neck regions we will have negative curvature, that will be close to
−4π in total, to be able to cancel the curvature coming from the spheres. Thus, the L1 norm of ρ0 is close
to 4π. Therefore, using Hölder’s inequality, we obtain a lower bound on k̄(p, 0) for any p > 1 = n2 .
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1.3

Heat equation

Another example of a result that follows from assuming a Ricci curvature lower bound is the Li-Yau gradient
estimate for positive solutions to the heat equation. In the celebrated paper [LY86], Li and Yau proved that
if u > 0 is a solution to the heat equation on a convex domain Ω (i.e. the second fundamental form of the
boundary satisfies II ≥ 0) of a compact manifold M satisfying Ric ≥ (n − 1)K, with Neumann boundary
conditions, then for all α > 1
∂t u
1
|∇u|2
−α
≤ C1 + C2 ,
2
u
u
t
where Ci = Ci (n, α, K). Later, Wang [Wan97] proved that the same result holds for non-convex domains,
assuming that II ≥ −H for some H ≥ 0, and adding the necessary interior rolling R-ball condition: that
there exists R > 0 small enough so that for every point p in the boundary, there exists a ball B(q, R) ⊆ Ω
that intersects the boundary only at p. Here, the smallness of R depends on the sectional curvature near
the boundary.

Fig. 2. Interior rolling R-ball condition.
In a similar spirit, I proved the following result for the integral curvature condition case.
Theorem 1.2 ([Ram19]). Given H, n > 0, p > n2 , and R > 0 small enough, there exists (n, p) > 0
such that if k̄(p, 0, D) ≤ , II ≥ −H, and the interior rolling R−ball condition holds in Ω, then any
u > 0 solving the heat equation with Neumann boundary conditions satisfies the Li-Yau type gradient
estimate
∂t u
C2 1
|∇u|2
αJ 2 −
≤ C1 +
u
u
J t
for any 0 < α <

1
(1+H)2 ,

Ci = Ci (n, α, H, R), and J(t) = C(α, n)e−C3 t , with C3 = C3 (α, n, p, D, K, R).

As a corollary, following the same method as [LY86], one can obtain the following Harnack inequality.
Corollary 1.1 (Harnack inequality). If M , Ω and u are as above, with Ω path connected, x, y ∈ Ω,
t2 ≥ t1 > 0, we have

u(x, t1 ) ≤ u(y, t2 )

t2
t1

C2
 J(t
)
2

!
´1
inf γ∈Γ 0 |γ̇|2 ds
exp C1 (t2 − t1 ) +
,
4αJ(t2 )(t2 − t1 )

where Γ is the set of smooth curves γ : [0, 1] → Ω with γ(0) = y and γ(1) = x.
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The method: gradient estimates

Both Theorem 1.1 and Corollary 1.1 share something in common: the key to their proofs is a gradient
estimate proved using a maximum principle. Many important results in Geometric Analysis rely on this
technique. Very broadly speaking, the general strategy to prove one of these estimates when Ric ≥ (n − 1)K
is the following:
1. Define a suitable function F (x) ≈ |∇ ln(u(x))|2 .
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2. Let m be the maximum of F in M .
3. Show that m is an interior point, hence ∇F (m) = 0 and ∆F (m) ≤ 0.
4. Use Bochner’s formula:

1
2
2 ∆|∇u|

= g(∇∆u, ∇u) + |Hess u|2 + Ric(∇u, ∇u).

5. Use that Ric ≥ (n − 1)K to eliminate the curvature terms.
6. Conclude the result, after several elementary inequalities.
In [ZZ17] and [ZZ18], Zhang and Zhu introduced an auxiliary function J in the definition of F to be able to
prove, among other results, several Li-Yau gradient estimates under integral curvature conditions. The idea is
that in step 5, instead of using that Ric(∇u, ∇u) ≥ (n−1)K|∇u|2 , we can use that Ric(∇u, ∇u) ≥ −ρ0 |∇u|2 ,
and then we can group this term together with all the terms involving derivatives of J and set them equal to
a suitable expression. This way, we define J using a differential equation, and the curvature assumption gets
absorbed in the definition of J. The next step is to control the behavior of J to be able to derive a useful
estimate. We are able to accomplish this using the volume comparison of [PW97], the Sobolev inequalities
of [DWZ18], [Gal88] and [PS98], Gaussian estimates for the heat kernel as in [CKO15], and Moser’s iteration
as in [WY09] and [HL11], among other techniques.

2.1

Zhong-Yang estimate

For example, in the case of Theorem 1.1, we define J to be a solution of:
∆J − τ

|∇J|2
− 2ρ0 J = −σJ,
J

(1)

for τ > 1, σ ≥ 0. Note that in the limit Ric ≥ 0, we can choose σ = 0 and J ≡ 1. Then we prove that there
exists solutions to the equation above for which we have good control on J and σ, namely:
Lemma 2.1 ([RSWZ]). For any δ > 0, there exists (n, p, D, τ ) > 0, σ ≥ 0 and a solution J such that
if k̄(p, 0) ≤ , then
0 ≤ σ ≤ 4,
and
|J − 1| ≤ δ.
The idea of this lemma is that we can choose J and σ to be a perturbation of the solution in the case Ric ≥ 0
1
mentioned above. Equation (1) can be turned into a linear equation using J = w− τ −1 . Then we choose a
specific solution to the equation for w, and through different techniques, we estimate σ and w, which in turn
gives us estimates on J.
With this estimates on J, we can formulate the key gradient estimate used to prove Theorem 1.1. Let
u be a nontrivial solution of −∆u = λ1 u on a closed Riemannian manifold M . Suppose without loss of
generality that sup u = k + 1 and inf u = k − 1, for 0 ≤ k < 1. Set v := u − k, so that −∆v = λ1 (v + k).
Theorem 2.1 (Gradient estimate, [RSWZ]). For a fixed δ > 0, τ = τ (δ), suppose k̄(p, 0) ≤ (n, p, D, δ)
as in the Lemma above. Then v satisfies
J|∇v|2 ≤ λ̃(1 − v 2 ) + 2kλ1 ψ(v),
where λ̃ := C1 λ1 + C2 with C1 = C1 (δ), C2 = C2 (δ, sup ψ, σ), and ψ is explicitly defined through an
ODE (inspired by the approach of [Li12]).
Then, following a standard technique (see for instance [SY94]), integrating along a geodesic, we get the
estimate in Theorem 1.1.
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2.2

Li-Yau estimate

In the case of Theorem 1.2, we define J(x, t) to be the unique

|∇J|2

∆J − ∂t J − τ J − 2ρ0 J = 0
∂ν J = 0


J =1

smooth solution of:
in Ω × (0, ∞)
on ∂Ω × (0, ∞)
on Ω × {0}

(2)

for τ > 1. Using Neumann boundary conditions for J, we can use essentially the same technique as [Wan97]
to show that the maximum m must be an interior point (step 3 of the method mentioned above). Then we
show that we can control J, namely
Lemma 2.2 ([Ram19]). If J solves equation (2), we have
0 < J ≤ J ≤ 1,
where J = J(t) is given by
1


f3 = C3 (c, n, p)
and C

K

D

2− n
p

n

Rp

g
C
3

J(t) := 2− c−1 e− c−1 t ,

2p
K 2p−n
> 0.
4p−6n
4n

+
D

2p−n

R 2p−n
1

As in the Zhong-Yang estimate, the transformation J = w− τ −1 turns equation (2) into a linear equation for
w, that we can estimate using the Gaussian estimates for the heat kernel from [CKO15], and this gives us
the estimates for J. To accomplish this we need to show that the volume doubling property from [PW97]
is satisfied up to the boundary. This could fail if the boundary was very irregular, but the interior rolling
R−ball condition ensures that this is not the case (which could be useful in other contexts). More precisely,
we have the following lemma.
Lemma 2.3 ([Ram19]). Given D, γ > 0, suppose that a Riemannian manifold (M n , g) satisfies the
volume doubling property
 s γ
V (x, r)
(3)
V (x, s) ≤ C
r
for r ≤ s ≤ D and x ∈ M , where V (x, r) = vol(B(x, r)). Then a compact domain Ω ⊆ M , with
diam(Ω) ≤ D, whose boundary satisfies the interior rolling R−ball condition, satisfies:
 γ
e s VΩ (x, r)
VΩ (x, s) ≤ C
(4)
r

e = max{3γ C, 2D γ C}, where VΩ (x, r) = vol(B(x, r) ∩ Ω).
for 0 < r ≤ s, x ∈ Ω, C
R

3
3.1

Future directions
Neumann eigenvalues on star-shaped domains

Chen and Li [CL97] showed that if a Riemannian manifold with boundary is geodesically star-shaped with
respect to p ∈ M , with Ric ≥ −(n − 1)K for K ≥ 0, the first nonzero Neumann eigenvalue η1 has lower
bound given by
η1 ≥

√
Rn
n+2 exp(−C1 (1 + R0 K)),
R0

where R and R0 are the radii of the geodesic balls centered at p of largest radius contained in M and of
smallest radius containing M , respectively. Their proof relies on Neumann heat kernel estimates, that follow
5

from the Li-Yau gradient estimate of [LY86], that Theorem 1.2 generalizes to the integral Ricci curvature
case. For this reason, I want to study if a similar bound applies under integral curvature conditions.

3.2

Fundamental gap

Another kind of results that I plan to study are estimates on the fundamental gap, i.e. the difference
between the first two eigenvalues of the Laplacian or the Schrödinger operators (either in closed manifolds
or on domains with Dirichlett or Neumann boundary conditions). In fact, the estimate of Chen and Li
mentioned above could be regarded as a fundamental gap estimate for star-shaped domains, since under
Neumann boundary conditions we have that η0 = 0 is the first eigenvalue. This problem has been studied
very extensively. Lower bounds in convex domains of Euclidean space were shown in [SWYY85], [YZ86],
and a sharp lower bound was proven in [AC11]. In convex domains of a sphere, a sharp lower bound was
given in [SWW16]. For manifolds with Ric ≥ −(n − 1)K for K ≥ 0, sharp lower bounds in the Neumann
case were proven by several authors. In closed manifolds, for K = 0, this is the result of [ZY84] mentioned in
§1, of which Theorem 1.1 provides a generalization to integral curvature. In view of that, a natural question
is to study sharp lower bounds of the fundamental gap for convex domains in the Neumann and Dirichlett
cases under integral curvature conditions.

3.3

Integral Bakry-Émery case

Consider a smooth function f . Many of the results mentioned here have equivalent formulations for the drift
Laplacian ∆f = ∆ + ∇f ∇ under lower bounds on the Bakry-Émery Ricci tensor Ricf = Ric + Hessf , as
in [AN12] or [CLR15]. Since some of the main analytic tools needed are known to be true under integral
Bakry-Émery conditions, as in [Wu16] or [WW], it is natural to study eigenvalue estimates in this setting
as well. In particular, I would like to study a sharp lower bound like the one in Theorem 1.1 for the first
eigenvalue of ∆f .

3.4

Kähler case

Another natural direction would be the Kähler case. On Kähler manifolds, under Ric ≥ −(n−1)K, sometimes
the eigenvalue estimates can be improved, as in [GKY13]. The Ricci curvature in this case can be written as
Rij̄ = ∂i ∂j̄ u + gij̄ for some Kähler-Ricci potential u. Assuming appropriate integral conditions on u, I want
to prove some eigenvalue estimates without assuming a pointwise lower bound in the curvature.

3.5

Higher order eigenvalue estimates

Buser [Bus82] showed that under a pointwise lower bound on the Ricci curvature, λ1 could be bounded
above by an expression depending on the Cheeger constant h(M ). Recently, Benson [Ben15] generalized
this technique to give upper bounds on all the eigenvalues λk (M ) in terms of the Cheeger constant, using
Sturm-Liouville theory. One of the key ingredients of this work is the Heintze-Karcher inequality, which was
studied in the integral curvature setting in [PS98]. I plan to study these upper bounds under integral Ricci
curvature conditions.

References
[AC11] Ben Andrews and Julie Clutterbuck, Proof of the fundamental gap conjecture, J. Amer. Math. Soc. 24 (2011), no. 3,
899–916, DOI 10.1090/S0894-0347-2011-00699-1. MR2784332
[AN12] Ben Andrews and Lei Ni, Eigenvalue comparison on Bakry-Emery manifolds, Comm. Partial Differential Equations
37 (2012), no. 11, 2081–2092, DOI 10.1080/03605302.2012.668602. MR3005536
[Ben15] Brian Benson, Sturm-Liouville estimates for the spectrum and Cheeger constant, Int. Math. Res. Not. IMRN 16
(2015), 7510–7551, DOI 10.1093/imrn/rnu175. MR3428972
[Bus82] Peter Buser, A note on the isoperimetric constant, Ann. Sci. École Norm. Sup. (4) 15 (1982), no. 2, 213–230.
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